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STATIONARY SOLUTIONS OF CHEMOTAXIS SYSTEMS
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ABSTRACT. The Keller-Segel Model is a system of partial differential equations
modelling a mutual attraction of amoebae caused by releasing a chemical substance
(Chemotaxis). This paper analyzes the stationary solutions of the system with
general nonlinearities via bifurcation techniques and gives a criterion for bifurcation
of stable nonhomogeneous aggregation patterns. Examples are discussed with vari-
ous kinds of nonlinearities modelling the sensitivity of the chemotaxis response.

1. Introduction. In many biological populations cells have the ability to sense
spatial inhomogeneities of certain chemicals in their environment and to move
towards places of higher concentration (leukocytes, bacteria, gametes, slime mold
amoebae). Such oriented migration is called chemotaxis (see [8] for the biological
background).

In 1970 E. Keller and L. Segel [10] established a model for the aggregation phase
of slime molds. It was known that these amoebae are attracted by a chemical, cyclic
AMP, which is produced by themselves and can be degraded by some enzyme
present in the cells. The Keller—Segel Model, described below, is based on these
mechanisms: chemotactic response of cells to a chemical whose production and
degradation depends on the concentration of the cells and the chemical. The aim of
this paper is to show some mathematical implications of basic model assumptions
like this.

One may consider the cell flux to consist of a random migration (diffusion) part
and a drift in the direction of the chemical gradient. Assuming the whole process to
take place on a suitable bounded region @ C R" with no flux across the boundary,
and that birth and death of cells can be ignored, one has the following equation for
the cell density u = u(x, t), (x,1) € X R*, and the density v = v(x, t) of the
chemoattractant:

11 ou=v -(p(u,v)vu — x(u,v)vv) onQ X R",
(1.1) p(u,v)0,u — x(u,v) 00 =0 ondQ X R*.
(» is the outward normal on 92, v = (9/0x,,...,0/9x,).)

The random motility coefficient p > 0 may depend on u and v allowing e.g. the
possibility that the general motility is enhanced in presence of the chemical (chem-
okinesis), or is diminished at high cell concentrations.
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532 RENATE SCHAAF

Some plausible form of the chemotaxis coefficient x > 0 can be obtained by the
following reasoning: By some receptor mechanism, cells do not measure the gradient
of v but of some ¢(v) with a sensitivity function ¢, ¢’ > 0 (see [12]). The velocity of
a single cell moving up the gradient of ¢(v) may be proportional to the random
motility coefficient u(u, v), such that the total chemotaxic flux is x op(u, v)uV(v),
ie.
(1.2) x(u,v) = xop(u, v)ug'(v).
For a detailed derivation of (1.1) and (1.2) as a diffusion approximation to a biased
random walk model, see [2 and 3].

Several normalized forms of ¢ have been suggested

(1.3) ¢(v) = v (direct measurement),

(1.4) ¢(v) =In(c + v) (logarithmic sensitivity, ¢ > 0).
(1.5) ¢(v) =v/(1 + cw) (Michaelis—-Menten receptor kinetics),
(1.6) ¢(v) =0v2/(1 + cv?) (cooperative binding, ¢ > 0).

If the production and degradation of the chemical v depends only on u and v (e.g. if
the cells produce the chemical in order to attract others) one gets

(1.7) v =r,A0 + k(u,v) onQ xR,

v, > 0 being a constant diffusion coefficient, k: R*X R*— R modelling the reac-
tions leading to production and degradation of v. No flux condition on 9% gives

(1.8) 30 =0 ondq.

(1.1), (1.7), (1.8) conbined give the following chemotaxis system with homogeneous
Neumann conditions:

du=v -(p(u.v)vu - x(u.v)vo),
(1.9) 9,0 = vyAv + k(u,v),

d,ulsq = 0,0]50 = 0.
Equations (1.9) have been stated in 1970 by E. F. Keller and L. A. Segel [10] to
model the aggregation phase of slime mold amoebae.

Whenever production can equate degradation (k!({0}) # @) there is a set of
spatially homogeneous solutions to (1.9) which (under reasonable conditions) are
stable for low cell densities. Segel and Keller argue that aggregation is initiated when
the total cell mass exceeds a certain critical value for which the homogeneous
distribution is no longer stable.

One step towards the examination of the further time development is to look for
bifurcating steady states which have a spatial structure and eventually become
stable.

In this paper we will apply local and global bifurcation techniques to the
stationary system of (1.9) which turns out to be equivalent to a parameter dependent
scalar equation
(1.10) Av + f(v,A) =0, 9,0]3Q =0,

with f(v, A) = (1/vy)k(p(v, A), v). The parameter dependent function g(v, A) is
obtained from p and x by solving a first order ODE (see §2).
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In [16] we have examined global and local bifurcation of solutions to (1.10) in one
space dimension n = 1, where some of the results can obviously be carried over to
dimensions n > 1.

With this we can characterize bifurcation of spatially inhomogeneous solutions to
(1.8) rather simply by conditions along the trivial set M:= {(v, AN)|v = m, f(m, X)
= 0}. Results can be found in §3.

§4 contains the discussion of stability. For this question one has to consider the
full system (1.9) again. But it turns out that criteria for stability of homogeneous
distributions and exchange of stability at a bifurcation point can be formulated in
terms of f and g in the case of one space dimension.

In the last section we will discuss examples for x as in (1.2) with sensitivity
functions ¢ as in (1.3)-(1.5) and k being as simple as possible. In all of these
examples we can apply results for the so-called time map, proved in [16 and 17], in
order to get the whole global bifurcation behaviour of the systems. In each case the
bifurcating branches can be shown to be smooth curves which in some examples
form closed loops joining two bifurcation points, an example for the second
alternative of Rabinowitz’s global theorem [15] being verified.

In all cases the result of §4 concerning exchange of stability can be applied, at
least within a certain parameter range.

As a first step towards an investigation of stability along the whole branch we can
show that a region of stability can only end at a turning point or a Hopf bifurcation
point.

2. Reduction to a single equation. For the data of the stationary system

v (p(u,v)vu — x(u,v)vv) =0,
(2.1) voAv + k(u,v) =0,

avu|89 = avvlaﬂ = 0’

we shall henceforth assume the following conditions:

(2.2) € C R"is a bounded open region with smooth boundary,

(2.3) ¢, x: R*X R*— R are twice continuously differentiable

and the ODE

(2.4) i(s) = x(r S)/”(.rf s) has a unique solution r: R*— R*
for any initial condition r(s,) = ry, 5y, 7 € R™,

(2.5) k: R*X R*— R is twice continuously differentiable

and k7'({0}) # @.

As Banach spaces for the problem we introduce

_[C%(Q,R) forn>1,
C%(Q.R) forn=1,

_[C*(Q.R) forn>1,
CHQ.R) forn=1(0<a<1),

(2.6)
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(2.7) X:= {ue Z| ayutm=0}
with their usual norms.
As we consider positive solutions only, we set

(2.8) B:= {ue Xu(Q)cR"}.

B is an open subset of X.
Let @(x, A) be the “flux” of (2.4), i.e.

(2.9) o(s,A\)=r(s) with #(s)=(x/p)(r,s),r(1)=A.
Let 9, (9,) denote the derivatives with respect to the first (second) argument. Then ¢
satisfies

(2.10) hel(s, A) = (x/p)e(s. ), s),
(2.11) 3182‘P(Ss A) = (a1X/l‘)(‘P(5» A), 5) 82<p(s, A).
So

(2.12) 9,9(s,A\)>0 foralls,A € R*,

since 3,9(-, A) solves a linear ODE with d,9(1, A) = 1 > 0. With this we can reduce
(2.1) to a scalar problem. (For a similar reduction see [21] or [5, 13] for a special
case.)

2.1 THEOREM. (u, v) € B X B is a solution of (2.1) iff, for some X € R™,

(2.13) u(x)=o(v(x),\) forallx €Q
and
(2.14) voAv + k(@(v,N),v) =0.

PROOF. Let (u, v) € B X B be a solution of (2.1). Then there is a positive function
¢ € C*(Q) with
(2.15) u(x) =o@(v(x),¢(x)) forallx € Q.

This is because, for any x € Q, (2.4) has a unique solution r,: R*— R* with
r.(v(x)) = u(x). Setting ¥ (x) = r (1) gives the desired C>-function y. { satisfies the
Neumann boundary conditions since, on 942,

0= avu = al(p(v’ \l/)avv + 32<p(v, ‘I/)av‘ll = aZ<p(U’ '4/)8,,11/

with 3, (v, ) # 0 because of (2.12).
From the first equation of (2.1) we get, with (2.10), (2.15),

0=v (p(u,0)vu - x(u,v)vv)

v - (p(u, 0)(3,9 (0, ¥) Vo + 39 (v. ¥) V) = x(u, v) Vo)
v - (r(u, 0)d,9(v, ¥)VY).

Thus ¥ solves an elliptic PDE

Ay + Z ¢y =0, 9,¢|e=0,
i=1

with coefficients ¢, being continuous on . Then ¢ = const =:A by the Hopf
maximum principle [14], and (2.13), (2.14) follow.
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The “if” part of the theorem follows by direct calculation. We notice that for the
special form of x as in (1.2) we get

(2.16) (s, A) = AceXo?®)

with ¢ = e X*®_ From now on we will define

(2.17) f(s,A):= (1/vy)k(@(s,N),s) fors,A>0.

Then Theorem 2.2 says that solving (1.2) in B X B is equivalent to solving
(2.18) Av + f(v,A\)=0

for (v, \) € B X R,
Next we will note how the linearized equation (2.1) around a solution (ug, vy) =
(9(vg, Ay), Uy) € B X B can also be reduced to a scalar problem.

2.2 THEOREM. In addition to (2.3) let p, x be three times continuously differentiable.
Let (uq, vy) € B X B be a solution of (2.1), that is, (uy, vy) = (9(vg, Ay), Uy), by
Theorem 2.1 for some A, > 0. Let G: B X B — Y X Y be defined by the left-hand side
of equation (2.1). Then (u, v) € X X X is a solution of the linearized equation

(2.19) DG (uy, vy)(u,v) =0

iff

(2.20) u(x) = 3,9(vo(x), Ng)v(x) + N9 (v5(x), Ao)
for some X € R and

(2.21) Av + 3, f(vg, Ag)v + A3, f(vg, Ag) =0
with f defined by (2.17).

PROOF. Suppose DG (1, vy)(u, v) = 0. Then there is a functiony € C*(Q) with
(2.22) u(x) = 3,9(vo(x), No)v(x) + ¥ (x)3,9(ve(x), Ao)
since 9,@, 3,9 are in C* with 3, > 0. Then
0 = DG (ug, vy)(u,v)
(2.23) = v (0,1 (ug, vy) Viugu + 9,u(ug, vo) Voo + n(ug, vy) Vu
—9,x (g, vo) Voou — 3,x (g, 0y) Vugv — X (U5, 1) VD).
By Theorem 2.1 we have u, = @(v,, Ay) With
(2.24) p(@(s, 1), 5)9(s, A) = x((s,A),s)
from (2.10). Differentiating (2.24) with respect to s and A gives
8,1(9(s, 1), 5)(d,9(s. 1))’
+ 3,1 (@(s, 1), 5)3,9(s, N) +p(@(s, N), s)d7p(s, \)
= 9x(9(s, 1), 5)9,9(s, A) + 9x(@(s,A), )
and

im(@(s,A),5)0,0(s,0)3,90(s,A) + u(e(s, N), s)3,0,0(s, N)
= alX(q)(S’ >‘)’ 5)82‘P(S7 A)
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Using this and expression (2.22) for u we get from (2.23)

0=v (r(ug, v5)d,0(uy, v,) VY).
Thus again as in Theorem 2.1 ¢ = const:= X by the Hopf maximum principle
which gives (2.20). (2.21) then results from the second equation for (u, v). The
converse of the theorem’s assertion follows by differentiating 0 = G,(¢(v, A). v) for
all (v, A\) € B X R*.

3. Bifurcation of nonhomogeneous solutions. In this paragraph we will briefly
collect bifurcation results for the parameter-dependent problem

(3.1) Av + f(v,A\) =0, 0,050 = 0,
with
(3.2) [(s,X) = (1/v)k(@(s.X), 5),

which has been proved to be equivalent to the stationary system (2.1) in the last
section (see (2.9), (2.13), (2.14)). Results are applications of existing local and
modified global theorems on bifurcation from simple eigenvalues [6, 1]. Proofs can
be found in [16].
We define the trivial set of constant solutions
M:= {(m,\) € R*X R"|f(m,\) =0}
with
M= {(m,\)e M|vf(m,\)=0}.
We consider M to be a subset of B X R™ by identifying constant functions with their
values. The nontrivial solution set shall be denoted by
S:= {(v,A) € BX R"|(v, A) solves (3.1), v nonconstant} .

0= po<mp <p, < --- are the eigenvalues of the operator v — Av between X and
Y corresponding to a complete orthogonal (in L?) sequence of eigenfunctions
(w,') JEN-

For one space dimension, n = 1, we will show that all solutions in a bifurcating
global branch stay in the same “pattern class”, and therefore introduce, for j € N,
n=1X={ve Qv =0},

33) 0;:={vex

J

v has exactly j + 1 zeros in & all of which are simple} .
(A zero x, of a C'-function g: € € R — Riis called simple if g’(x,) # 0.) The O, are
open subsets of X.
3.1 THEOREM. (a) If (m, Ay) € M is a bifurcation point of (3.1) then necessarily
(mg.Ag) €M, or 93,f(my,\,) = p; forsomej > 1.

(Note that p, > 0; so near a possible bifurcation point in M\ M, the set M is always
parametrizable over \.)
(b) If for some (my, Ay) € M
3, f(my, Ng) =p, withj > 1, being a simple eigenvalue,

then let A — (m(X), N) be a parametrization of M near (m, \,). If, in addition,

L@ (V) M), # 0.
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then the following assertions hold:

(i) (myg, Ny) is a bifurcation point, i.e. (mgy, X)) € S.

(i1) Let C(my, A,) be the connected component of S with (mg, Ao). Then C(mg, Ag)
is not relatively compact in B X R* or C(my, X,) contains a point (m,, \,) € M
different from (mg, A ;).

(i) In a neighborhood U = U(mg, Ay) € B X R™ the nontrivial branch C(mg, A,)
is a C'-curve

e €)-gg, &g~ (V(e), A(e)) with V'(0) = w,.

For space dimension n = 1 additionally holds.

(iv) If M, = @& then nodal properties of v’ are conserved along the whole branch, i.e.
C(mg, A\g))\ M € O, X R" and 9, f(rn, N = p; for all bifurcation points (in, N e
C(mg, Ay) N M.

Note that for n = 1 all eigenvalues p; of v — v” are simple. As an illustration of
Theorem 3.1 let us consider a simple example.

3.2 ExaMPLE. Assume (1.2) for x with ¢(v) = v, k(u, v) = vy(au — Bv). That is,
the first equation of (2.1) is solved by u = AeXe” (see (2.16); the factor ¢ can be
omitted without loss of generality), and we have to consider

Av + f(v,A\)=0, (v,A\)eBxXR*
with f(s, A) = aleX® — Bs.

1

OXJ -

>t
>

M= {(m.N)|f(m,A)=0} Graph A = 3, f(m(X).\)

FiGUrRe 3.1 FIGURE 3.2
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Figure 3.1 shows the set M. M, = @, and only for m > 1/x, we have 9, f(m, A)
> 0 such that all possible bifurcation points are in this region of M. The set
{(m, X) € M|m > 1/x,} can be parametrized over A by m(A) = h~'((a/B)A) with
h: 11/xq, [ =10, X[, h(m) = me~%™ Thus m(A) > + o0 for A = 0, m(\) = 1/x,
for A —» A. For any (m, A\) € M,

3, f(m, N) = akxeX™ — B = xoBm — B = B(xom — 1).

Thus 3,f(m(A),A\) > +o0 for A > 0 and d,f(m(A),A)—> 0 for A > X with
(d/dN)d,f(m(A), ) = Bxom'(A) < 0.

If we assume all eigenvalues p; of v = Av to be simple, then by Theorem 3.1(b)(i)
we have infinitely many bifurcation points (m(A ), A;) with 3, f(m(A ), A )= p,.
(See Figures 3.2, 3.3.) More can be said for n = 1: In this case we know by (b)(iv)
that C(m(X;),A;) € O, x R" for all j > 1 with 3, f(m, ) = p, for all (m, ) € M
N C(m(A;),A)). But 9, f(m(X), A) is strictly decreasing, so M N C(m(A)), ) =
{(m(A)), A})}. Thus each branch cannot “return” to M and is not relatively
compact in B X R* by (ii). (In fact it is unbounded, as a more detailed treatment
shows.)

By u = AeXo” this qualitative bifurcation behaviour also holds for the solution set
of the system (2.1), and is illustrated in Figure 3.4 (n = 1). The trivial set M
corresponds to k ~'({0}), the set of constant solutions to (2.1). The spatial pattern of
solutions in each of the branches, as indicated in the drawing, holds for both
components « and v.

vO v(io)f
myt . my
m1~ ml..
(o)
)\: G;

FIGURE 3.3. Bifurcation FIGURE 3 .4
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4. Stability. For the time dependent system
du=v-(p(u,v)vu — x(u,v)vv),
9,0 = vyAv + k(u,v),
avulaﬂ = avvlaﬂ = O’

we have

d
- ,t)dt =] du(x,t)dx=0
dt'/;zu(x ) fg (x,1) dx

because of the Neumann conditions. Thus

(4.1) = /ﬂu(x, 1) dx

is a constant in time, the total cell mass remains unchanged. A stationary solution
thus can only be asymptotically stable with respect to small perturbations (u, v) €

X, X X with
fu=0}.
Q

So we will confine ourselves to such perturbations. Also we will see that # is the right
parameter for exchange of stability in a bifurcation point, that is a supercritical
branch with respect to # is stable, a subcritical one is unstable (see Figure 4.1). It is
also sufficient to prove linearized stability, for the asymptotic stability then follows
by a theorem of H. Kielhofer in [11].

In this section we will assume, for k,

(4.2) X, = {u eEX

(4.3) 0,k(r,s)>0, 03,k(r,s)<0 forall(r,s) € R*XR".
v(0)
e
% 3 e
\6\6 +J (\\'&
\
W2 EN (o)

@

b
a

FIGURE 4.1
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This corresponds e.g. to the biological assumptions that the chemoattractant is
produced by the cells with a production rate which is a nonincreasing function of v,
and that the degradation of v increases as v increases. The simplest example for such
a mechanism is k(u, v) = au — Bv. Our first point is the discussion of stability of
constant solutions forming the set

N:= {(o,m) e R*X R*|k(o,m) = 0}.
The linearization of G around (o, m) € N is
pldu — xAv
vodv + ku + k|’
where we have used the abbreviations
p=plo,m), x=x(o,m), ky =20dk(s,m), k,=20dk(o,m).
such that u, x, k,, k, are constant coefficients.

Let {w,/i € N U {0}} be a complete orthogonal set (in L?) of eigenvectors of
v — Av between X and Y with the corresponding eigenvalues

O=po<p<p,<--, Ao+ pe=0

Testing both equations DG (o, m)(u, v) = nu, DG,(0, m)(u, v) = nv with the w, we
have that 7 is an eigenvalue of DG(o, m) with an eigenvector (u, v) € X, X X iff
there is an i > 0 such that 7 is an eigenvalue of

R, XM,

4, = ky, —vou; + ky |’

with an eigenvector z € R* for /i > 1 and an eigenvector (0,1) for i = 0. The
restriction for i = 0 follows from 0 = [, u = (u, wy). Thus DG(o, m) has the
following eigenvalues:

Mo = k, (i= 0)7
"li+'- = ‘%("o + N)Hi -k,
2 .
i\/((vo+u)ui—kz) — dpp,(vop, — ky) +axpk,  (i=1).

All eigenvalues are real because of the expression under the radical sign being equal
to ((p— vy, + k,)* + dxpu,k, which is positive by (4.3). Also k, <0 and
—((vy + p)p; — k,) < 0, such that all eigenvalues of DG (o, m) are negative iff

Axp.k, — dpp,(vop, — ky) <0 foralli > 1,
1e., xk, + pk, < pyyu, for alli > 1, or equivalently

1
(4.4) V—O(%k1 + kz) <.
Conversely, if

1
(4.5) v_o(%kl +k2)>ﬂ1’

then one of the eigenvalues 7, is positive and (o, m) is unstable.
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For (4.4) to imply stability one has to show that 0 is not a limit point of the
eigenvalues (see [11]). This follows from

b.
%—ai+vai2——bi<%_ai+ai_7l

-b, b,
=5 <3 <0 by(4.4)

+, -

n;’

N

witha, = (vy + p)p, — ky, b, = dpp,(vop; — ky) — dxp k.
By 6 = (m, ) and 9,(m,\) = x/p (see §2) we can translate (4.4), (4.5) into
conditions on f(m, A) = (1/vy)k(p(m, X), m).

4.1 THEOREM. Let (o, m) € N be a constant solution of G(u,v)=0, i.e. 6 =
@(m, N) for some N\ > 0. Then (o6, m) is asymptotically stable with respect to small
perturbations (u, v) € Xy X X if 3,f(m, N) < p,. If 9, f(m, X) > p,, then (0, m) is
unstable.

PROOF. With 6 = (m, X), 3,9(m, A\) = x/n, f(m,A) = (1/v)k(@(m, X), m), we
have

3,/ (m,\) = %O(a,k(«p(m, X). m)ap(m., ) + 8,k (¢(m, A), m))

1(, x
= V_O ( k, ; + k 2) .
So by above calculations resulting in (4.4), (4.5) the theorem is proved. Theorem 4.1
applied to the Example 3.2 gives that all points in N = k~'({0}) with m < m, are
stable. This region has been marked in Figure 3.4.

For exchange of stability we make use of the following theorem by Crandall and
Rabinowitz [7]:

4.2 THEOREM (CANDALL, RABINOWITZ). Let Z,, Z, be real Banach spaces, V € Z,
an open neighbourhood of 0, = (a, b) C R an open interval,and F: V X F > Z, a k
times continuously Frechét differentiable mapping. Suppose that o, € % and that

(i) F(0,0) =0 foralloc € #,

(ii) dim N(F,(0, ay)) = codim R(F,(0, 0y)) = 1,

(iii) F,,(0, 6y)zo & R(F,(0, 0,)), where z, spans N(F,(0, o;)),

(iv) z, & R(F,(0, 6y)) (0 is an algebraically simple eigenvalue of F,(0, ,)).

Then

(a)There exists ey > 0 and (k — 1)-times continuously differentiable functions o:
I-€0, €0l = F, z: 1€y, €g| = Z, such that 6(0) = o, z2(0) = 0, z'(0) = z, and

F(z(e),0(e)) =0 foralle €)-e,, g -
F~1({0}) near (0, o,) consists precisely of the curves (0, o) and (z(¢), o (¢)).
(b) There exist continuously differentiable functions of eigenvalues
n: oy — eg, 05 + e[~ R, y: ]-e0, o[~ R
such that
n(0) is an isolated simple eigenvalue of F,(0, o),
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Y(¢) is an isolated simple eigenvalue of F,(z(€), o(¢€)) with n(o,) = y(0) = 0 and
1'(0,) # 0. Moreover,
signy(e) = sign(-es’(e)n'(o))).
(We have used the notations F,, F,, F,_, etc. for the various derivatives of F with respect
tooc € F,z € Z,. N(A), resp. R(A), denotes the null space, resp. the range of a linear
mapping A.)

This theorem can be used to calculate exchange of stability near the bifurcation
point (0, 6,). Suppose all eigenvalues of F,(0, g,) are negative for o < o,. Then n(o)
as well as y(€) have to be the largest eigenvalues of F,(0, 0) and F,(z(¢), o(¢)) (see
[9]). In this situation the sign of y(e) is the same as —eo’(€). So bifurcating solutions
are stable if the branch turns to the right with respect to o; they are unstable if it
turns left.

We will use this theorem for G by making a change of variables for which ¢ = &
becomes the parameter and Z, = X, X X. Since we have assumed 9,k > 0, 3,k <0
the set N = {(o, m)|k(a, m) = 0} can be parametrized over o by some C>-function
y: D(Y)R*—> R*:

N ={(o.4(o))lo € D(¥)}.
4.3 THEOREM. Let p, x, k be three times continuously differentiable, and let (o,, m)
€ N be a bifurcation point of G with o, = @(mgy, Ay), (my, \y) € M being a
bifurcation point of (3.1) satisfying the assumptions of Theorem 3.1(b) with j = 1, i.e.,
9, f(my, Ny) = u,, yielding a parametrization X — m(X), m(A,) = my, of M near
(my, Ay), and
cho)i= gxaf ()| # 0.

Then there is a twice continuously differentiable branch of nonhomogeneous solutions
e (Ue),V(e)), e€]—eg gl

with G(U(e), V(&) = 0, (U(0), ¥(0)) = (09, my), V'(0) = ¥'(05) [o U'(0).

Near (o,, m,) the set G~*({0}) consists of N and the points (U(¢), V(¢)).

Let m(a) be the largest eigenvalue of DG (0, y(0))|y,xx- Then m(a) is simple,
1(0y) = 0,m(0,) # 0 and the solutions (U(e), V(¢)) are

stable, if ( € ;X Ule )) 7(a,) < 0 (supercritical bifurcation),
Q
unstable, if ( € % U( e)) 7(0y) > 0 (subcritical bifurcation).
Q

PROOF. The change of variables
(u,v,0) = (o +u,¢(o) +v)

is a C3-diffeomorphism between a neighbourhood V X #C X, X X X R" of (0, a;)
and a neighbourhood U C X X X of (o,, m,). We will apply Theorem 4.2 to

F:VXF- Y, XY, F(u,v.0)=G(o + u,y(a) +v),
where Y, = {u € Y| [, u = 0}.
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(1) then is satisfied since F(0,0,0) = G(o,¢y(0))=0. For (ii) we observe
F,.,(0,0, 0)) = DG(04, my)|yx,xx: Xo X X = Y5 X Y. By Theorem 2.2,
DG (0y, my)(u, v) = 0iff

(4.6) u=0,9(my, Aog)v + Adp(mg, Ay)
for some A € R and

(4.7) v+ 9, f(mg, Ag)v + X, f(my, Ag) =0
where (4.7) also reads

(4.8)

volv + 3,k (g, mo) (3,9 (mg, Ag)v + ANdy@(mg, No)) + 0,k (a5, mg)v =0,
because of the definition of f (2.17) and since o, = (m, A,). If we restrict u to X,
(4.6) and (4.8) yields [ov =0, and thus A =0 using (4.6) again. Thus u =
0,9(mgy, Ag)v, [ v =0, and
Av + 9, f(my, Ay)v =0.
Now 3, f(mgy, Ay) = p, thus v € span{w; }. As a result,
(4.9) N(F(u,v)(oaov 00)) = span{(3;9(mq, Ag)wy, ©1)}.
In order to show that F, (0,0, dy) is Fredholm of index 0, we first show the
corresponding property for DG(g,, m,): X X X - Y X Y: With
i(o) =p(o,¥(0)), x(0)=x(o,¥(0)),

k1(0)=alk(°»4’(0))’ k2(0)=32k(0,1[/(0))

we have
(4.10) DG(o,¥(0))(u,v) = (VOAi(:lAlzo_)fiozzA(Uo)v)‘
The matrix

4= (ﬂ(oo)s 5((00))
0, v,
is invertible.
Let K(w;,w,) = (Lw;, Lw,), where L: Y — X is the inverse of A-id. Then
K o A7'DG(ay, my): X X X > X X X is a compact perturbation of identity:

(o) + A_l(kl(oo)u ; kz(%)v)]'

Since the expression in the square brackets is in X X X and the embedding
X X X = Y X Y is compact, we have that K e 47'DG(0o,, m,)-id is compact. Thus
DG(o6y, my): X X X > Y X Y is Fredholm of index 0. The same is true for
F,.»(0,0,0): X5 X X = Y, X Y since (1, y/(ap)) is in the nullspace of DG (o, m,)
and is complementary to X, X X.

PROOF OF (iii). By (4.10)

d
Fyu0(0,00)(u,v) = E(F(“‘”)(O’ o)(u, U)) omor

_ i'(0,)Au — X’(UO)AU)
ki(og)u + k;("o)v .

K o A"'DG (05, mq)(u,v) = () + K
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We have to show (see 4.9) that F,, . (0,06,)(3,9(mg, Ay)w;, w,) is not in
R( (uc)(O 06y)). 3,9(my, Ay) = X(0y)/(0y). Thus
Fa(ul)(o 05)(x (o) @y, i o))
( e, (B (0) % (o) — (o)X’ (00)))
01(ki(09) % (05) + A(09)k5(0p)) |
Assuming this to be in R(F, (0, 6,)) we get by testing with w,:
( i (# (o) %(0,) — (o) %'(55))

Ki(00)x(0p) + i(op)ki(a) | & XA

with

kl(oo)’ —vopy + kz(oo) ‘

By py = 9,f(mg, Ag) = (1/7)(k1(0,)X(0,)/(0,) + k,(0,)) one can easily calcu-
late that det 4, = 0 and R(4,) = span{(1, —ky(0y)/i(0g)p;)”}. Thus our assump-
tion would give

k{(oo)f((oo) + ﬁ("o)ké("o) = (kl(%)/ﬁ("o))(ﬂ’(oo)f((oo) - ﬂ(oo)f(/(oo))’

le.,

4 = (—ﬁ(oo)l"u 5((00):“'} )

ki) S22+ (o) 4 KO 4 () =0

This is a contradiction to (d/dX)d, f(m(X), N)[,_y, # 0: With a(X) = @(m(A), X)
we get

>

01 f(m(X), A) = ki (a(X)x(X(0))/B(a(N)) + ky(a(X)),

SO

o3 (m(X)A)

A=),

x( 0)

[HO) e )+k(o)( X(o)

do ji(a,)

) + kz(oo)} ,()\0)-

This proves (iii). In the same way we get property (iv), namely (¥ (0,)w;, i(0,)w,)
& R(F, (0, 0y)), since otherwise (x(a,), fi(0,)) would be in

R(A4)) = span{(l,—f(l(—%))f}
G

in contradiction to k; > 0. By Theorem 4.2 we obtain a bifurcating branch
e (u(e).v(e), a(e)),
thus
(U(e), V(e)) = (ule) + a(e),v(e) + ¢ (o(e)))

gives the branch in the theorem’s assertion.

V'(0) = 0'(0) + ¥/(04)0"(0) = w0, + ¥'(05) fﬂ U'(0).
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The sign of the largest eigenvalue y(¢) of DG(U(e), V(e)) with respect to eigenvec-
tors in X, X X can be computed by Theorem 4.2:

sign y(&) = sign(—eo’(e)n’'(a,))

. d ,
= &gn(—a(EL U(e))n (oo)).
Thus the theorem is proved and we get the picture of subcritical or supercritical
bifurcation and exchange of stability as indicated in Figure 4.1.

The sign of 7'(g,) can be calculated by 3,f(m(X), ) for A near A,, since
3,f(m(X), A\) > p; or <p, determines the sign of the largest eigenvalue of
DG(@(m(N), X), m(\)) (Theorem 4.1). o depends on A by o(A) = @(m(A), A).
Thus

a’(Ag) = 3,9(m(Ng), No)m'(Ag) + 9,9 (m(Ag), Xo).
Because of f(m(A), A) = 0 we get
m'(X) = =8,f(m(X),X)/3,f(m(X), A).

Using 9, f(m(A,), Ay) = p, we arrive at (arguments omitted):

, 0, f 0,k0,p
o ()\o) = —31(PL + 0,0 = -39 2y 0,9
13 2y
d a k
=_£(—81f+ 3k + py) =&< 0
131 131

because of assumption (4.3). Since

sgn(x(29)o' (1)) = sign| F5n(s(1)

}\=>\0)

= sign( %alf(m(A), A)

’
)\=)\0)

this results in signn'(6,) = —signc(X,) with c¢(Ay) = (d/dA)d, f(m(A), A)|,_x, So
we get

4.4 COROLLARY. Let all assumptions of Theorem 4.3 be satisfied. Then for the
branch ¢ = (U(¢), V(&)) of that theorem, (U(¢), V(¢)) is
. d
stable, zfe(dsfﬂ U(e))c()\o) <0,

unstable, lfe(%'/s‘z U(e))c(}\o) >0,

where c(Xy) = (d/dN)d,f(m(A), N)]x-x,:

For space dimension n = 1 we can show that the bifurcation is one-sided, and that
the direction of the bifurcation branch is determined by an algebraic expression
involving derivatives up to order three of ¢ and f at the bifurcation point (mg, Ag):
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4.5 THEOREM (DIRECTION OF THE BIFURCATING BRANCH). Let all assumptions of
Theorem 4.3 be satisfied, let n = 1, and assume that all nonlinearities are four times
continuously differentiable. Define

J(mo, )\0):= C(Ao) ‘(alzq3alf_ 31q’a12f)(m0» }\0)
+5d(No) -(5(93/)° = 30,1031 ) (mq. Ao).

where

e(Ro) = 20 /(M) Naene d(Ag) = (m(A). Mo

Then for small €, the bifurcating solutions (U(¢), V(¢)) are
stable,  ifJ(my, A,) <O,
unstable, if J(m,, A,) > 0.

PROOF. Solutions (U(e), V(¢)) correspond to solutions (V(e), A(g)) of
(4.11) v+ f(v,A)=0
with V(0) = m,, A(0) = A, ¥ and A are three times continuously differentiable.
By differentiating (4.11) three times with respect to ¢ we get equations for
vy = V(0), vyi=V"(0), vy:= V"(0),
A= A(0), A= A"(0), Azi= A"(0),
which can be solved for v,, v,, A}, A, in one space dimension. The bifurcation of
(4.11) has to be one-sided, since for fixed A there have to be always two solutions
(reflection in a max or min). Thus necessarily A; = A’(0) = 0. So we get the three
equations (observing 9, f(m,, A,) = p; and omitting arguments (m,, A)):
(4.12) v + po, =0,
(4.13) vy + o, + 032 + 3,fA, =0,
(4.14) vy + oy + 303 fo,0, + 33 /03 + 30,0, /0,A, + 0,fA; = 0.
Thus by (4.12), v, = aw, for some « in R. By Theorem 4.3 we also have V'(0) = w,
+ ¢’(0,) Jq U’(0). This means

(4.15) v, = w, = V2 cos7x and f U’(0) = 0.
Q

(Without loss of generality we can take  =10,1[, w, = V2 cos mx.) As can be easily
calculated,

(4.16) b, = (1/m)[307f} = 307 — 9, /A,]
is a special solution to (4.13),
(4.17) v, = aw, + 0,

thus being the general solution. A, can be calculated from (4.14): v’ + pv is a
symmetric operator with nullspace span{ w, }. Thus necessarily

0 =[ 302fwlvy + 03 fw, + 30,0, fwik, + 0, A5,
Q

By (4.16). (4.17) and using

fgw1=0, /w%=l, fw?{=0, /w?=%,
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this gives

alzfaZf 5 2,\2 3 3
0= 3}\2(8182f— i 2u1(a‘f) + 50
where the factor of 3, can be calculated as ¢(A ). Thus
_ 3 (a24) _ 343
(4.18) 3Ac(Ag) = 2“1(81f) 281f-
We are now ready to calculate the sign of e, U’(¢): For small £ we get, from (4.15),
sign U'(e) =sign | U”(0).
gne fg (e) = sig fg (0)
By U(e) = @(V(¢), A(¢g)) we get, using (4.15)-(4.17),
f U”(0) =f 32pu? + 20,0,00,A, + 0,00, + 32pA + 3,9N,
Q

1 4
= alq’ + 57— 3, 1‘Pazf 3, 1‘P32f 1‘P32f>\2 + az‘P>‘

1
= alz‘P - ,Tlaﬂ’alzf*' >‘2‘1()\0),

since d(Ay) = (d/dN)p(m(A), A)|,_x, = —0,9, /3, f + 3,9. By Corollary 4.4 the
stability is determined by the sign of

3,187 — 3,32
(o) [ U7(0) = e(ho) 2LEE=2 1 () a(M ),

= - e(o) (@703 — 3,903) + 1a(0)(5(037)" = 30,7937 )]
- J(mo ),
151
using 9, f = p, and (4.18). This proves the theorem.

4.6 EXAMPLE. As the simplest application of the results of this paragraph we will
continue the example given in 3.2 for one space dimension, n = 1 (the result in this
case is already known, see [5]),

(p(u, v)(w — xou')) =0, vo(v” + au — Bv) =0,
W) =uw(L)=0v(L)=0 (L>0).

Here we get
f(s,A) = akeXe* — Bs, (s, A) = AeXe*,
From f(m(X), A) = 0 we get o(m(A), A) = (8/a)m(N), and thus

(4.19) d(Xg) = (B/a)m’'(A,).
Similarly,
(4.20) c(Xg) = Bxom'(Xy),

where m’(A,) < 0 (see 3.2). From f(mgy, Ay) =0 and 93, f(my, Ay) = p, follows
al jeXe™ = Bm, and

(4.21) XoBmo= B+ p,.
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Thus at (mg, Ay),

09 = (xo/@)Bmo,  dp(x3/a)Bm,
9, = xoBm, — B, a1zf= X(Z)Bmo’ al3f= X%).Bmo'
So by also using (4.19), (4.20),
J(mq, Ag) = (X?),Bzmom'()\o)/&’)[—ﬁg + 5x0Bmg — 3p,].
Since m’(Ay) < 0,
sign J(mg, Ay) = sign68 — SxoBm, + 3p, = sign 8 — 2p,
because of (4.21). Thus
<0 ifB<2pu,,
I (mo, }‘0){ >0 if/; > 2z:
Note that for our problem p, = 72/L>.
RESULT. Solutions of the first bifurcating branch near the bifurcation point are
stable, if 8> 27%/L2,
unstable, if 8 < 272/L>.
More applications of Theorem 4.5 can be found in the examples of §5.
5. Parametrized global branches and examples. We will consider the case of one
space dimension, £ =]0, 1[, and
x(u, v) = xon(u, v)ug'(v)
as described in §1 (1.2). In our examples, ¢ takes the form (1.3)—(1.5). The reaction
term will be as simple as possible:

k(u,v) = vy(au — b(v))
with b(v) = Bv, B > 0, or b(v) = Bv/(1 + yv), B, y > 0. The stationary chemotaxis
system then reduces to the scalar problem

(5.1) v’ + f(v,\) =0, v'(0)=0v'(1)=1
with

(5.2) f(v,X) = ap(v,X) = b(v),
(5.3) p(v, A) = Aexo?®),

In order to obtain global parametrized branches for (5.1) let us consider a part
A = (m(X), X) of M: {(m, N): f(m, X) = 0}, where 3, f(m(X), ) > 0 (the candi-
dates for bifurcation). For those A the initial value problem
v’ + f(v,\) =0, v’(0) = 0, v(0)=a

always has a nonconstant periodic solution v for a in some maximal interval
Im(X), a”(N)[, where f(a, ) > 0 (i.e. v”’(a) < 0). We define the so-called time map
T(a, M) then to be half the period of this solution; to be more precise: T(a, A) is
defined by

T(a,\)>0, v (T(a,\))=0, V'l 0.1y < 0.
(See Figure 5.1.)
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Because of the symmetry of the problem then v satisfies the boundary condition

v'(1) = 0 iff
(5.4) T(a,\)=1/; for some integer;j > 1.
Note that (5.4) will also give the solutions of (5.1) with v"’(0) > 0, since those
correspond to the initial condition v(0) = a (see Figure 5.1). Any solution branch of
T(a, ) = 1/j will thus yield two solution branches of nonhomogeneous solutions in
0,10 (5.1). (For O, see (3.3))

In [16] we have examined the time map to get parametrized branches to problems
as (5.1).

Results to be used in this section are given by Theorems 5.1 and 5.2, where 5.1
recalls some well-known facts about the behaviour of T near m(A) and a®(A) (see
also [4]), and 5.2 gives a criterion for 37 /da to be positive, thus allowing us to use
the implicit function theorem to get C*-solution curves for (5.4).

5.1 THEOREM. (a) T(a, A\) = =/ /3, f(m(X),N) as a | m(XN) uniformly on com-
pact A-subsets.
®) Iff(a*(A),A) =0or f(a*(X),\) = 0 then T(a,\) = + o0 fora?ta*(N).

The assumption of (b) is satisfied in all of our examples. We cannot explain all
details about the time map here; for more information the reader is referred to [16].
There we also show that (3/9a) T(a, A) is positive if e.g. 37/ < 0 and 37/ > 0 or
812 f > 0, which is a generalization of the result in [18] for the Neumann case. But in
fact a better criterion can be given which turns out to hold for all of our examples.

5.2 THEOREM. Let f(-, A) be three times continuous differentiable with
(5.5) (5(312]‘)2 —33,/83f)(s.A) >0 forall (s, \) withd,f(s,\) > 0,

N

MmN —Lgraph v

W2

N S

T@n 2T(a,\) 3TN

FIGURE 5.1
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and
(5.6) 37f(s,N) (s —=m(N)) <0 forall (s,\)withd, f(s,\) <O.
Then

(0/3a)T(a,\) >0 forac]m(\),a*(N)[.

The proof of this theorem and others concerning Dirichlet boundary conditions
will appear in a forthcoming paper [17]. Note that the term in (5.5) is just the factor
of d(A,)/6 in J(m, Ay). With the assumptions of Theorems 5.1 and 5.2 satisfied,
we can describe the solution set of (5.4) and thus (5.1) in the following way:

T(a, ) = 1/j has a solution iff
T(m(A),A) < 1/j,ie. d,f(m(A),X) > j*n? = p,.

And for each j those solutions form C!-curves (a(A), A). The translation to the
bifurcation behaviour of (5.1) is given in Figure 5.2.

v(0)

,f >0

1>
>
>

M= {(m.X):f(m.A)=0} GraphA = 3, f(m(A).A) Bifurcation

FIGURE 5.2

We finish by applying the results to the above mentioned examples. Here we find
it more informing to just draw the resulting pictures for each case. The underlying
calculations can be easily verified.

5.3 EXAMPLE. ¢(v) = v, k(u, v) = vo(au — Bv), a, 8 > 0.

This example has already been discussed in §§3 and 4. The information to be
added is that all branches in fact are C'-curves, since the resulting f(s, A) = aXeX’
— Bs satisfies the assumptions of Theorems 5.1 and 5.2.

5.4 EXAMPLE. ¢(v) = Inv, k(u,v)=vy(au — Bv/(1 + yv)); a, B,y > 0. (The
case ¢(v) = In(c + v) with ¢ > 0 can be handled in the same way.) So

f(s,A\) =aXsXo — Bs/(1 + vs).

We will here consider the case 1 < x, < 2 for which 37/ < 0, such that (5.5), (5.6)
are trivially satisfied.

It may be remarked that our results do not apply to k(u, v) = vo(au — Bv), since
in this case 3, f(m, A) is a constant along M, and no bifurcation occurs.
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Xo=1.
mh
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amel - L _
0,f>0
we
v 1 A2 v T g el
B2 Bl N B/2a B XN
M= {(m,A):f(m,\)=0) Graph A = 3, f(m(X),\)

vmﬁT

Bifurcation Bifurcation of the system
FIGURE 5.3

The number of bifurcating branches and also the amount of spatial structure in
the branches depends on B, 8 > 47?2 is a necessary condition for bifurcation. v,f is
the measure of an amplifying effect on the gradient since it is the degradation rate of
the chemical for small v. », is the diffusion constant of the chemical. Thus the
amount of spatial structure is increased as p,8 increases for fixed »,, or as v,
decreases for fixed 8.

Regions of stability are marked in the bifurcation diagram for the system. Large
and small constant solutions are stable corresponding to the regions where
9,f(m(A), \) < #? = y,. Bifurcation turns out to be supercritical with respect to u
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at both bifurcation points of the first branch such that the branch of monotonic
(u, v) starts and ends stable. This is a result of J(m,, A,) and J(,, A,) both being
negative.

From f(m(A), A) = 0 we get

(3 A) = B
and thus
(5.7) d(X) =%q>(m(7\),)\) = g(l_#(}\)) m'(A) < 0.
In the same way
8,/(m(X).\) = ak — B __ B B

(1+ym(N)* THymA) 1+ ym(A))’
follows. Thus

2By By ) ,
5.8 A) = - A
ey oo ((1 Fm0r (1w "
Furthermore at each point (m, A) in M,
2By 2y 1
59 030, f — 0,9d%f = —A = - 0.
(5.9) 199,/ 199/ (1+ ym)3 « (4 ym)4 <

For the bifurcation point (m;, A;) we have ¢(A;) > 0 (see Figure 5.3), d(A,)< 0,
the factor of ¢(A)) in J(m,, A)) is negative (5.9), the one of d(},;) is positive since
(5.5) is satisfied. So J(m,, A,) is negative. For J(m,, 7\1) the terms have oppositive
sign, so calculations become a bit more involved. With 4 := 1/(1 + ym,) < 1 we get
from (5.7), (5.8)

d(X) = -A?m' (X)), c(X)) = ByA*(24 — )m'(X)).

(5.9) gives
(079, f - lqoazf)(ml, V) = -(2B%v/a) 4°

Using f(m,, A;) = 0 and 9,f(m,, A,) = m* we can calculate

L(5(83/)° = 30,7337 )(7y. X,) = LByAC + 3m7By A",
Thus ‘

J(my X)) = -m'(X))(B24%y?/3a)[68(24 — 1) — 1084 — 972].
The sign of J(#i,, A,) is given by the term in square brackets. Since 72 =
3,f(m, A;) = B(A — A?) this one simplifies to 284 — 68 + 72 < 72 — 4B since
A < 1. The last term is certainly negative since 8 > 472 is a necessary condition for
bifurcation.
1 <x,<2.

M and the graph A — 9, f(m(A), A) are drawn in Figure 5.4.
Therefore we get two different situations:

B(xy, — 1) < 7*. See Figure 5.5.
B(xy — 1) > 7°. See Figure 5.6.
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Here the number of bifurcating branches is determined by the maximum Bx3/4,
the interpretation is the same as in the case x, = 1. Regions of stability are marked;
calculations that J(m,, A,) and J(m,, A,) have the right sign can be done similarly to
the case x, = 1, but become rather involved and are therefore omitted.

5.5 EXAMPLE. ¢(v) = v/(1 + cv), ¢ > 0, k(u, v) = vo(au — Sv). Here

f(s,A) = arexp(xos/(1 + ¢s)) — Bs.
Only, for x, > 4c, there is a part of the zero set M where 9, f > 0. Calculations to
show (5.5) and (5.6) become more lengthy but straightforward. The bifurcation
result is given in Figure 5.7.

m
B[ -1}
4n4
31f>0
4
x 5 X X
M= {(m.A):f(m,\)=0)} Graph A = 3, f(m(X).X)
veof Vo)
X u
Bifurcation Bifurcation of the system

FIGURE 5.7
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B(xo/4c — 1) > m2 becomes the condition for bifurcation. There is at least a
subrange of the specified parameter region within which there are stable bifurcating
branches. But calculations become rather complicated. In cases like this it seems
more appropriate to test the sign of J(m, A) numerically.

As a last remark we will give the first step towards the investigation of stability
along the global first solution branch. In §2 we have shown that

(p(u,v)u’ = x(u,v) vy

. ,0) = =0
(5.10) G(u,v) vov" + k(u,v)

is equivalent to

(5.11) H(o,\)=v"+f(v,\)=0, u=¢(v,A),

G: BXB->YXY, H BXxR*'-> Y. If now f satisfies the conditions for
(0/0a)T(a, N) > 0 it can be shown (see [19, 20]) that the linearization D,H(v, A) is
always nonsingular for (v, A) on a bifurcating branch, i.e. eigenvalues of D,H do not
cross the imaginary axis along a global bifurcating branch A — (V(X), A) of (5.11)

Let A = ((U(M), A), V(X)) be the corresponding branch of (5.10), U(A)=
@(V(A), A). Then by Theorem 2.2,

DG((U(A), N), V(M) (u, v) = 0iff u = 3,9 (V(A), N + ndp(V(A), )

for somen € R, and D,H(V(X), A)v + 10, f(V(A),A) = 0.

Since D, H(V(MA), ) is nonsingular we get that v = yV’(A) from
(d/dNYH(V(A),A) = 0. So u=n(d,9(V(A), MV (X) + 3,9V (), X)) = qU' ().
Thus the nullspace N(DG(U(M), A)) is always one dimensional and is spanned by
U'(N), V'(M)).

Now there are two possibilities for a change of stability along a branch
(U(M), V(A)). It might be due to a pair of complex conjugate eigenvalues crossing
the imaginary axis, in which case (in general) there would be Hopf bifurcation. This
can be excluded in special examples (e.g. Example 5.3). The other possibility would
be that for some A the linearization DG(U(A), V(X)) has a nullspace in X, X X.
According to above calculations this is only possible if (d/dA) [, U(A) = 0, i.e. at a
turning point of the branch with respect to the parameter & = [ u.
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